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Layered phases are a common pattern of self-organization for several soft materials. These phases undergo
buckling instability when subjected to dilatative strain: beyond a critical threshold, layers, initially flat, exhibit
a periodical undulation. By using a continuum model, in a finite deformation framework, an expression for the
critical threshold is provided, which differs from that predicted by the Helfrich-Hurault theory and yet it reverts
to it in a thick specimen limit. With respect to the relevant literature, an analogous disagreement is found in the
undulation amplitude expression as well. The obtained results appear particularly relevant when dealing with
layered materials whose intrinsic coherence length is comparable to the cell thickness.
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I. INTRODUCTION

A certain number of condensed phases �cholesteric and
smectic liquid crystals �1�, elastomers in liquid crystalline
phase �2,3�, bilayer lipid membranes �4�, diblock copolymers
�5�, ferrofluids �6�, ferrimagnets �7�, and skin �8�� can be
regarded as two-dimensional layered systems with one-
dimensional translational order in the direction normal to the
layers. Such layered materials are often modeled as a stack
of layers, characterized by a curvature energy, which resists
to layer bending, and by a dilatative elastic energy across,
that opposes to layer thickness variation. Such materials,
usually confined between two flat plates, are commonly em-
ployed in the design of technological devices �9–11�.

In their natural configurations, layers are flat, equispaced
and arranged in two possible configurations: either parallel to
the delimiting plates, in the so-called homeotropic align-
ment; or perpendicular to the sample cell boundary plates, in
the so-called bookshelf structure. Different perturbation
sources exist, such as mechanical forces, electric and mag-
netic fields, temperature changes, and boundary conditions,
which attempt to alter such ordering arrangement.

Layers of samples in homeotropic alignment can undulate
when subject to external electric or magnetic field �12–17�.
In practice, the material is confined between two parallel
plates to which the layers are initially parallel. A magnetic or
electric field applied normally to the plates tends to reorient
the layers. This effect competes against both the elastic be-
havior and the surface anchoring at bounding plates, which
hinder the lamellar free rotation. There exists a critical ap-
plied field beyond which the layers undergo undulation in-
stability. In cholesteric or smectic liquid crystals, this phase
transition is called the Helfrich-Hurault effect �12,13�.

Layers undulation in lamellar phases may also be trig-
gered through a mechanically induced dilatation of the layers
�18–21�. Beyond a critical displacement of the boundary
plates, the lamellae undulate in order to compensate the in-
creased sample thickness. A short review of smectic layer
undulation induced by tensile strains on a semi-infinite cell,
may be found in ��1�, Sec. 7.1.7, p. 364�. Control of this
effect is relevant to the design of industrial appliances.

In this paper, buckling instability is triggered by imposing
a dilatative strain on one bounding plate of the cell. It is
shown that the critical threshold predicted by the classical
theory is the limiting condition of the general expression as
the imposed displacement becomes negligible with respect to
the sample thickness d. Indeed, the critical displacement �0
predicted by the classical theory, measured in units of sample
thickness d, is given by

�0 = 2�
�

d
, �1�

where � is a characteristic length of the material, obtained in
terms of the ratio between the curvature and the dilatative
elastic constants. Conversely, a critical threshold is found

�cr = −
1

2
+

1

2
�1 + 8�

�

d
,

which reduces to the classical result inasmuch as � /d is very
small. We name the condition ��d the thick cell limit; like-
wise, samples where � is of the order of d are addressed as
thin cells.

This paper is organized as follows: in Sec. II, we give the
expression of the free energy, which characterizes the mate-
rial right beyond the critical threshold. In Sec III, the related
free-energy Euler-Lagrange equations are derived, therefrom
the critical threshold and layer buckled profile are assessed.
A discussion is put forward in Sec. IV in order to justify the
results and the discrepancy with the classical ones. An Ap-
pendix at the end of the paper presents an alternative deriva-
tion of the relevant geometrical quantities in continuum me-
chanics language.

II. POST-THRESHOLD FREE ENERGY

Layers of lamellar phases can be identified through the
isosurfaces of a scalar function �. It is then possible to in-
troduce the field of the unit vector normal to the layers
n=�� / ����, where � is the spatial gradient operator.

To better fix ideas within the realm of layered materials,
the case of smectic-A liquid crystals is considered in the
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following. In their natural configuration, smectic layers are
flat and the material can be described by a stack of parallel
and equispaced planes. Let n0 be the homogeneous field of
unit normal vectors for a cell of material in its natural con-
figuration. Then, let O�x ,y ,z� be a Cartesian coordinate sys-
tem, with unit basis vectors �e1 ,e2 ,e3�. It is assumed that the
z axis is directed along the undistorted normal direction,
e3=n0.

The elasticity of the material is characterized by the free
energy per unit volume:

fe = 2Kh2 +
B

2
�2, �2�

where h=� ·n /2 represents the layer mean curvature �or, in
the liquid crystals language, the splay distortion�, while �
denotes the layers dilatation in the n direction. K and B are
two positive constants named the curvature rigidity and the
compression modulus, respectively. The quantity �=�K /B
defines a characteristic length of the material.

In a plane deformation layout, it is assumed that the de-
formation takes place in the plane spanned by e1 and e3
while the material is taken to occupy the infinite region
bounded by the planes z=0 and z=d �see Fig. 1�. Then, let a
uniform finite displacement �d along the z axis be applied at
the boundary z=d. As a result, a uniform displacement field
arises in the material in the e3 direction. Beyond a critical
displacement �crd, layers inside the sample acquire an undu-
lating pattern. In order to study the deformation field right
beyond the critical displacement, a perturbative scheme is
adopted and the boundary displacement �in units of d� is
taken in the form ��22�, Chap. 10�

� = �cr�1 + �2� , �3�

where � is a small dimensionless quantity which takes up the
role of the perturbative parameter. It is worth noticing that �
can be kept arbitrarily small through controlling the imposed
displacement, while it appears squared in �3� to yield a posi-
tive contribution to the critical threshold.

Successively, let us assume that the smectic layers are
described through the isosurfaces 	k �k labels the layer� de-
fined by

��r,k� = 0,

where r denotes the position in space of a point on the sur-
face 	k. In particular, in the undeformed state such surfaces
are equispaced planes represented by

�0�r0,k� = n0 · r0 − k�0 = 0, r0 = xe1 + ze3,

where �0 denotes the distance between two adjacent planes.
Inasmuch as a finite homogeneous displacement �d below
the critical threshold is induced, the smectic surfaces remain
flat and equispaced according to the following description:

�̄�r0,k� = n0 · r − k� = 0, r = x̄e1 + z̄e3,

where � denotes the new distance between two adjacent
planes. Then, the deformation is homogeneous, i.e., constant
in space, and it is easy to check that

� = �0�1 + ��, x̄ = x, z̄ = �1 + ��z . �4�

In a perturbative approach, the critical displacement is
reached and surpassed by a very small quantity, so that an
infinitesimal displacement field �û�x̄ , z̄�e3 may be added to
the homogeneously deformed state to arrive at the actual
�inhomogeneously deformed� configuration. The Appendix at
the end of the paper brings along a continuum mechanics
argument, which yields the deformation field and the energy
density expression. In the following, vector calculus is used
instead and each of the two energy terms in Eq. �2� sepa-
rately discussed. Such an approach appears simpler, yet it
demands that the finite nature of the homogeneous deforma-
tion is explicitly taken care of. To this aim, a careful distinc-
tion is made between the natural and the homogeneously
deformed configuration. Quantities pertaining to the latter
are defined through an overline. Since the homogeneous de-
formation is finite, it is important to emphasize that the small
perturbation �ûe3 is superposed onto the homogeneously de-
formed state as opposed to the natural state.

A. Curvature energy

A point in the actual configuration may be defined
through the position vector

r = xe1 + ��1 + ��z + �u�x,z��e3, �5�

where the displacement field û�x̄ , z̄� is here written, out of
convenience, in terms of the undeformed coordinates
u�x ,z�= û�x̄ , z̄� through Eq. �4�. In the deformation plane
�e1 ,e3�, each layer is described by a plane curve whose in-
finitesimal element has a length given by the expression

FIG. 1. Instability in layered materials: �a� natural state, �b�
homogeneously deformed state, and �c� actual state right beyond the
critical threshold. The actual state is obtained superposing an infini-
tesimal perturbation �ûe3 to the homogeneously deformed state at
�cr�1+�2�.
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ds = �1 + ���xu�2dx ,

and no distinction is made between x̄ and x in light of the
second of Eqs. �4�. Then, the tangent vector t, the unit prin-
cipal normal n and the principal curvature c at a point are
given by �23�

t =
dr

ds
,

dt

ds
= cn .

Accordingly, through the chain rule of differentiation and
within second order terms in �, the unit normal vector field
and the principal curvature become, respectively,

n = − ���xu�e1 + 	1 −
�2

2
��xu�2
e3, c = ��xxu . �6�

Now, the mean curvature of a layer h is the average between
the two principal curvatures and, in a plane framework, it
reduces to half the principal curvature c. It then follows that,
within second-order terms in �, the curvature energy density
works out

2Kh2 = K
c2

2
= �2K

2
��xxu�2. �7�

Within this approximation, the curvature elastic energy
coincides with the classical splay energy ��1�, Eq. �7.13�,
Sec. 7.1.2, p. 343�. It is further observed that the saddle-
splay energy density term has been a priori omitted, because
it vanishes in the case of plane deformation. More generally,
the saddle-splay term is a null Lagrangian and thereby it
does not contribute to the free energy when strong boundary
conditions are imposed.

B. Dilatation energy

Let � denote the actual distance between two adjacent
undulated layers. Following de Gennes and Prost ��1�, Eq.
�7.50�, Sec. 7.1.7, p. 365�, up to the second order in �, it is
obtained

�

�
− 1 = ��z̄û −

�2

2
��x̄û�2, �8�

wherein differentiation takes place with respect to the homo-
geneously deformed coordinates. In light of r0 being mapped
onto r through a finite transformation, ��r0�, such that
r=��r0�=r0+�ze3, a combination of the Eqs. �4� and �8�
yields the layer dilatation with respect to the natural configu-
ration

� =
�

�0
− 1 = � + ��zu −

�2

2
�1 + ����xu�2. �9�

Accordingly, the layer dilatation energy density takes the
form

B

2
�2 =

B

2
��2 + 2����zu� + �2�− ��� + 1���xu�2 + ��zu�2�� ,

�10�

within second order terms. It is interesting to note that a
comparison between the free-energy density thus written

�obtained through adding up Eqs. �7� and �10�� and the cor-
responding expression in �1,18,19� shows extra terms in the
dilatation energy density contribution.

III. CRITICAL THRESHOLD

In order to assess the threshold displacement �crd, which
triggers instability, we assume that the perturbative displace-
ment field may be written as a periodic function in the form
�u�x ,z�=�a�z�cos�qxx�, wherein a�z� is an unknown ampli-
tude. Homogeneous boundary conditions upon the perturba-
tion are set

u�x,0� = u�x,d� = 0, �11�

which enforce a vanishing displacement at the boundary
z=0 and a finite imposed displacement �crd at the boundary
z=d. According to the boundary conditions �11�, the ampli-
tude function a�z� possesses vanishing boundary values

a�0� = a�d� = 0. �12�

Then, integrating the free-energy density over a period
Tx=2� /qx and dividing by the period length, yields

F = F0 +
�2

4
�

0

d

�B�a��2 + qx
2a2�Kqx

2 − B�cr�1 + �cr���dz ,

�13�

where prime denotes differentiation with respect to z. F0
gathers all the inessential constant terms, i.e., terms which
depend neither on a nor on qx. It should be remarked that the
free energy �13� still resembles an energy density in that it
pertains to a unit length.

The Euler-Lagrange equation related to the quadratic free-
energy F is a linear ordinary differential equation of the sec-
ond order in a�z�:

Ba� − qx
2�Kqx

2 − B�cr�1 + �cr��a = 0. �14�

Therefore, the linear differential Eq. �14�, coupled with the
boundary conditions �12�, gives an eigenvalue problem,
whose non trivial solutions are in the form �with n an integer
and A an undetermined parameter�

an�z� = A sin��n
z

d
 , �15�

provided that the displacement boundary value �cr
�n�d com-

plies with the second degree equation

B
n2�2

d2 + qx
2�Kqx

2 − B�cr
�n��1 + �cr

�n��� = 0. �16�

Likewise, substituting Eq. �15� in �13�, integrating and mini-
mizing with respect to qx it is found

q̄x
�n� = 
� B

2K
�cr

�n��1 + �cr
�n�� = 


1

��2
��cr

�n���cr
�n� + 1� ,

which, plugged into Eq. �16�, yields a fourth order algebraic
equation in �cr

�n�
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��cr
�n��1 + �cr

�n���2 = 4�2n2�2

d2 .

The sole physically meaningful solution �which does not
lead to either interpenetration or complex values� works out
to be �cr

�n�= �−1+�1+8n�� /d� /2. Obviously, the critical
threshold �cr is the minimum value within the set ��cr

�n��,
which is indeed retrieved at n=1,

�cr = −
1

2
+

1

2
�1 + 8�

�

d
, �17�

for which it is

q̄x = 
� �

�d
. �18�

It is easy to check �see Fig. 2� that the critical threshold thus
obtained is smaller than the one predicted by the classical
theory, while the undulation wavelength 2� / q̄x remains un-
changed.

Up to this point, the solution to the linear problem is
incomplete, for its amplitude A rests undetermined. Indeed,
the nonuniform displacement is written in the form

�u�x,z� = �A cos�� �

�d
xsin��

d
z . �19�

In order to assess the displacement amplitude �A, fourth or-
der terms in the energy expansion are retained

F = F0 +
�2

4
�

0

d

�B�a��2 + q̄x
2�Kq̄x

2 − B�cr�1 + �cr��a2�dz

+
1

16
�4q̄x

2�
0

d �− 3a2q̄x
4K + 	3

4
�4�cr + 1��1 + �cr�q̄x

2a2

− 4�2�cr + 1��cr − �a��2
B�a2dz �20�

and Eqs. �15�, �17�, and �18� are employed. Having per-
formed the integration, it remains to minimize the energy
with respect to the amplitude A. Details on the general pro-

cedure may be found in �15,20,24�. It is thus found

A = 
 4d� 2���� − 1�
��1 + 9� + 8�2�

, �21�

having let �=� /d and �=�1+8��. In the limiting case
8���1, the layer’s peak profile �A is found to be

�A = 

8

3
�� �

�cr
− 1	1 −

16�

9

�

d
+ O��2

d2
 . �22�

As opposed to the classical model, wherein the amplitude is
simply �A0= 
 �8 /3���� /�0−1 ��20�, Sec. 2.5.1�, here, for a
given �, the amplitude depends on � /d. Equation �22� shows
that the amplitude reduces to the classical result in a thick
cell limit.

IV. DISCUSSION

As shown, phase transition occurs in traction beyond the
critical value �cr given by Eq. �17�, whereas the well known
classical model threshold value �0 �1,18,19� is given by Eq.
�1�. An attempt to explain the difference is put forward here-
inafter. The quantity �= �

�0
−1 measures the dilatation of a

layer with respect to the undeformed configuration. Up to
second order terms in �, the layer dilation is given by Eq. �9�

� = �cr + ��zu −
�2

2
�1 + �cr���xu�2

as opposed to the corresponding result presented in �1�

�dG = �0 + ��zu −
�2

2
��xu�2,

wherein the second order term −���xu�2 /2 appears to be
missing. Indeed, in �1,18,19� infinitesimal displacements are
added to the homogeneous deformation starting from the
natural configuration whereas, in view of the nonlinearity of
the problem, a more conservative approach would require
starting from the homogeneously deformed configuration. In
fact, it may be seen that the free-energy density expression
adopted in ��1�, p. 365, Eq. 7.53� neglects the energy term
−�2B�2��xu�2 /2. As a consequence, the minimization proce-
dure of Sec. 7.1.7 in �1� leads to a layer equilibrium equation
which differs from Eq. �14�.

It may be objected that this disagreement is never brought
out by experimental results on liquid crystals. Indeed, there
are two different ways to extract the smectic coherence
length: either by measuring the critical threshold or by de-
tecting the undulation wave vector. The reason may be that
in typical experimental conditions �18,20�, authors employ
specimen samples whose thickness is in the order of several
hundred micrometer, that is far greater than the smectic co-
herence length, which ranges about a few tens of angstrom.
Inasmuch as ��d, it is

�cr =
2��

d
+ O��2

d2 = �0 + O��2

d2 ,

which shows that no appreciable difference exists between
the two expressions. In other words, for specimen samples,

FIG. 2. The ratio �cr /�0 as function of � /d. The critical thresh-
old �cr reduces to �0 as � /d tends to zero, while significant dis-
agreement occurs for a specimen thickness comparable to �.
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which present a critical displacement that is small with re-
spect to d, the addition of the perturbed infinitesimal dis-
placement to either the natural or the homogeneously de-
formed configuration leads to comparable outcomes, which
amounts to saying that infinitesimal perturbation and homo-
geneous deformation commute in the limit of a small thresh-
old compared to the specimen thickness.

Tangentially, it may be remarked that the thin cell limit
appears to be particularly relevant for bilayer lipid mem-
branes. Such materials are usually employed in the design of
biosensors aimed at detecting biological agents �9� and their
actual application seems to be hindered by their poor stabil-
ity to environmental disturbances such as, for instance, me-
chanical stresses. In a recent paper �25�, bilayer lipid mem-
branes are modeled as smectic-A liquid crystals and the
effect of hydrostatic pressure on their equilibrium configura-
tion is investigated.

In order to put forward a numerical comparison
between the expressions for the thick cell critical threshold
and the classical one, we borrow the constitutive constants
currently available in the experimental literature
for 1-stearoyl-2-oleoyl-3-sn-phosphatidylcholine �26,27�,
K=10−6 dyne, B=510−8 dyne Å−2, and set the sample
thickness d=50 Å �28�. A critical threshold �cr=0.40 is
found as opposed to the classical value �0=0.56, which
shows a 29% difference. Nonetheless, in this instance a com-
parison between the layer profiles appears inappropriate. In-
deed, for an applied boundary displacement right beyond the
classical threshold �0d, the corresponding value of �, as de-
fined in �3�, is quite large, as a result of the fact that the thick
cell threshold �cr is significantly smaller. As a consequence,
the actual deformation is quite a long way far from being in
the neighborhood of instability and the linear theory does not
lend reliable results. On the contrary, if we were to choose �
just beyond �cr, the instability would not take place in the
classical framework. In any case, given that the perturbation
amplitude is proportional to � which, in turn, expresses the
distance from the critical threshold, different models yield
different � and different amplitudes alike. In this light, a
comparison between the two amplitude expressions becomes
meaningful in the limit of 8�� /d�1. In fact, within this
limit �0��cr and the amplitude ratio reduces to

A

A0
� 1 −

16�

9

�

d
.

In conclusion, we provide a threshold expression for
lamellar systems subjected to tensile strains. Our result arises
owing to a geometrical nonlinearity in the expression of the
layers dilatation, which, in our opinion, the classical compu-
tation does not take into account. Figure 2 shows the ratio
between the critical threshold expressions as a function of
the dimensionless quantity � /d. It may be observed that sig-
nificant disagreement occurs for a specimen thickness com-
parable with �, which suggests that a thin specimen experi-
ment be carried out to effectively test the threshold critical
value. The experimental appreciation of the correction to the
linear theory is perhaps hard to obtain in the case of liquid
crystals, standing the stress relaxation and strain rate depen-
dence which accompany their deformation �19� and the small

characteristic length � that they possess. Nonetheless, differ-
ent actual materials fall into the class of layered materials,
some of which exhibit wider stability to the deformation and
a higher-characteristic length. A nice review of the perspec-
tive that the mechanics of layered material instability lends
in every day experience, ranging from human skin to lipid
bilayers vesicles wrinkling, is provided in �29�. Likewise, in
�8� wrinkling instability is cast within the broad framework
of layered material as a compromise between curvature and
stretching energy, and it is pointed out that observation con-
firms that thin sheets wrinkle easily in tension, well below
the elastic limit, so that a linear theory is of little use and we
must consider the geometrically nonlinear behavior of the
wrinkles.
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APPENDIX: CONTINUUM MECHANICS ARGUMENT

In this section the unit normal vector to the layers, their
dilatation and the free-energy density are deduced through
continuum mechanics arguments. Following �30�

����� = �0,

where � denotes the distance between two adjacent planes in
the distorted state, and, as previously defined, �0 represents
the same distance in the undeformed situation. Therefore,
����−1 measures the thickness of the layers in units of �0. In
particular, if �����1 layer compression �with respect to the
reference placement� is found, whereas �����1 amounts to
layer dilatation. Hence, for finite deformations, the following
expression for the layer dilatation is retrieved

� = ����−1 − 1. �A1�

Recalling the assumption that the smectic layers are de-
scribed by the material surfaces 	k �k labels the layer�, de-
fined by

��r,k� = 0, �A2�

where r defines the position in space of a point on the sur-
face 	k, the same expression may be written in the unde-
formed state wherein the smectic layers are equidistant
planes

�̃�r0,k� = n0 · r0 − k�0 = 0, r0 = xe1 + ze3. �A3�

Let us consider the invertible transformation r=��r0�, which
maps the undeformed configuration in the distorted one. By
using its inverse r0=�−1�r�, Eq. �A3� yields

��r,k� = n0 · �−1�r� − k�0 = 0. �A4�

Now, let the deformation gradient F be considered, i.e., the
Jacobian of the transformation �. Taking the spatial gradient
of Eq. �A2�, it is found
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�� =
��

�r
=

��̃

�r0

�r0

�r
= F−T ��̃

�r0
,

where the superscript −T denotes the inverse of the trans-
pose. Hence, taking into account Eq. �A3�,

�� = F−Tn0 = F−Te3. �A5�

Letting a special form to the general expression of the
deformation

r = ��r0� = r0 + U�x,z�e3,

it is found

F = � 1 0

�xU 1 + �zU
, F−T = �1 + �zU�−1�1 + �zU − �xU

0 1
 ,

respectively deformation gradient matrix and its inverse
transposed in the basis set �e1 ,e3�. Then, in view of Eq. �A5�,
it is

���� = �1 + �zU�−1�1 + ��xU�2, �A6�

thereby, setting the displacement expression

U�x,z� = �z + �u�x,z� �A7�

into Eq. �A6�, Eq. �A1� yields, up to second order terms in �,
the layer dilatation Eq. �9�. The layer dilatation energy den-
sity, Eq. �10�, follows immediately by the definition. Finally,
the unit normal vector to the lamellae, in the deformed con-
figuration, is given by

n =
��

����
. �A8�

Making use of Eq. �A5� and �A6�, given the special form of
the deformation expression �A7�, the first of Eqs. �6� is re-
trieved. The layer mean curvature is obtained taking the spa-
tial divergence of �A8�

h = 1
2div n = 1

2F−T · Grad n , �A9�

whence Eq. �7� is found.
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